
FINANCE WEB APP
TERM STRUCTURE FITTING

Model fitting to market term structure

T
he aim of this web app is to fit the term structure of spot rates to market data. The outputs are
optimal parameters for the interpolation of a term structure data-set by a given interpolation method.
The user can choose between 4 di�erent parametric models: Vasicek model (Vasicek (1977)), CIR

model (Cox, Ingersoll Jr, and Ross (2005)), Nelson & Siegel model (Nelson and Siegel (1987)) or Svensson
model (Svensson (1994)). The user can download the fitted spot and zero-coupon bond term structures.

Background information

Calibration framework

Given a market quantity YMKT and a parametric
model m(θ), model calibration consists in choos-
ing the parameter set θ that minimizes the distance
between a cross section of model quantities (in this
case yields and prices) and corresponding market
observables

θ̂ = arg min
θ

∥∥∥YMOD (θ)− YMKT
∥∥∥ (1)

where MOD refers to a model quantity and MKT
to a quantity observed on the market. In gen-
eral, the model parameters are estimated by using
a quadratic loss function, i.e., minimizing the dif-
ference between market and model quantities in
a least-square sense. In particular, di�erent loss
functions can be adopted, depending on the use
of absolute or percentage errors, that can be com-
puted using prices or yields.

The web app aims to perform the above cal-
ibration exercise with reference to market obser-
vation of spot rates or zero-coupon bond prices.
We let Pmkt(t, T) be the market price at time t
of a zero-coupon bond expiring in T. Given the
zcb price, we can compute the corresponding (con-
tinuously compounded) spot rate as Rmkt(t, T) =
− ln(Pmkt(t,T))

T−t . The standard procedure is then to
postulate a parametric functional form for the dis-
count curve and then to estimate the parameters
of this functional form by solving the problem in 1.

To this aim we define the corresponding model
prices Pmod(t, T; θ) and rates Rmod(t, T; θ), where
θ refers to the parameter set of the given model.

Given the above quantities, the model calibra-
tion consists in solving the following minimization
problem

min
θ

n

∑
i=1

(Rmod (t, Ti; θ)− Rmkt (t, Ti))
2 . (2)

The fitting can also be defined in terms of prices

min
θ

n

∑
i=1

(Pmod (t, Ti; θ)− Pmkt (t, Ti))
2 . (3)

Minimising price errors sometimes results in fairly
large yield errors for short maturities. This is be-
cause spot rates are very sensitive to prices for
short maturities.

The web app allows the user to perform the
calibration using the following models: Nelson &
Siegel (NS), Svenson (Sv), Cox, Ingersoll and Ross
(CIR) and Vasicek (V). We also allow for a perfect fit
of the term structure by using two non-parametric
interpolations, i.e. piecewise linear spot rate curve
and piecewise linear forward rate curve. We shortly
describe these models.

The Nelson & Siegel model

The Nelson & Siegel [3] is a popular model for the
discount curve

P (t, t + τ; θ) = exp (−τ × R (t, t + τ; θ))

where the continuously compounded spot rate
R (t, t + τ) has a parsimonious specification

RNS (t, t + τ; θ) =

β0 + β1

(
1− exp(− τ

κ )
τ
κ

)
+ β2

(
1− exp(− τ

κ )
τ
κ

− exp(− τ

κ
)

)
(4)

and θ = {β0, β1, β2, κ} is the vector of unknown
parameters to be estimated. The short and long
end of the curve are related to the NS parameters.
Indeed

k β0 specifies the long rate to which the spot
rate converges asymptotically

lim
τ→∞

RNS(t, t + τ; θ) = β0.

According to formula 4, a change of this pa-
rameter will a�ect all spot rates in the same
way. Therefore, β0 is called level parameter.
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k β1 determines the short term rate, indeed we
have

lim
τ→0

RNS(t, t + τ; θ) = β0 + β1.

According to formula 4, a change of β1 af-
fects spot rates according to the loading factor(

1−exp(− τ
κ )

τ
κ

)
, that is short and long term are

a�ected in a di�erent way. Therefore, β1 is
called slope parameter.

k The loading attached to β2 is given by(
1− exp(− τ

κ )
τ
κ

− exp(−τ

κ
)

)
,

that achieves a maximum at mid-term matu-
rities and goes to 0 as τ tends to 0 or +∞.
Therefore a change of this parameter a�ects
the curvature of the spot curve. Therefore, β2
is called convexity parameter.

k κ controls the decay of the loading factors.
Large (small) values produce fast (slow) decay
and can better fit the curve at short (long) ma-
turities.

Therefore the success of this model is that it is
parsimonious having just 4 parameters and it at-
taches a clear interpretation to them: β0 is the
level, β1 is the slope and β2 the convexity param-
eter.

Svensson model

The Svensson spot rate function extends the Nelson
and Siegel model by allowing for more than one lo-
cal extremum along the maturity profile. This can
be useful in improving the fit of yield curves. The
spot rate curve is parametrized by 6 parameters

θ = {β0, β1, β2, β3, κ1, κ2}

and it extends the N&S model by adding a third
component, so that the spot curve takes the form

Rsv(t, t + τ; θ) = Rns(t, t + τ; {β0, β1, β2, κ1}) +

β3

(
1− exp(− τ

κ2
)

τ
κ2

− exp(− τ

κ2
)

)
(5)

No arbitrage models

The web-app performs the term structure fitting
using no-arbitrage models, such as the Vasicek
[citazione], and the Cox, Ingersoll and Ross [] mod-
els. These models, given the risk-neutral dy-
namics of the instantaneous short rate r(t), t ≤
T, see Table 1, obtain the discount factor by

computing the following expectation P(t, T) =

Ẽt

(
e−
∫ T

t r(s)ds
)
. The Vasicek and CIR model

assume a mean-reverting process for the short rate
r: if it is above (below) its long-run equilibrium
value θ, the drift k(θ − r)dt is negative (positive),
driving the rate down (up) toward this long-run
value. Clearly, this is possible if the parameter κ
is positive. In addition, a larger value of κ im-
plies a faster reversion. The main di�erence be-
tween the Vasicek and CIR model is that in the for-
mer the instantaneous variations of the short rate
have normal distribution with constant volatility.
In the latter model, the di�usion coe�cient is pro-
portional to

√
r(t), implying some heteroskedas-

ticity in the short rate dynamics and at the same
time it guarantees the positivity of the short rate.
A similar process has been adopted in the Heston
model [citazione], to describe the dynamics of the
stochastic volatility.

The following Table provides the most impor-
tant examples of one-factor a�ne models with con-
stant parameters

Model Dynamics dr

Vasicek dr(t) = κ (θ − r(t)) dt + σdW̃(t)
CIR dr(t) = κ (θ − r(t)) dt + σ

√
r(t)dW̃(t)

Table 1: Short rate dynamics in the Vasicek and Cox-Ingersoll-Ross
models

The parameter set is

θ = {κ, θ, σ}.

For both models, the spot rate is a�ne1 in r(t)

R (t, T; θ) = −A (t, T; θ)

T − t
+

B (t, T; θ)

T − t
× r (t) ,

where the functions A and B are

Bvas (t, T) =
1− e−κ(T−t)

κ
,

Avas (t, T) = (Bvas (t, T)− (T − t))
(

µ− σ2

2κ2

)
− σ2Bvas (t, T)2

4κ

Bcir(t, T) =
2(eφ1(T−t) − 1)

φ2
(
eφ1(T−t) − 1

)
+ 2φ1

,

where φ1 =
√

κ2 + 2σ2; φ2 = φ1 + κ. A(t, T) is
given in Brigo-Mercurio, 2006, pag. 64-66.

The long-term spot rate is obtained by letting T
to tend to +∞. In Vasicek, it turns out to be

Rvas (t, ∞) = θ − σ2

2κ2 ,

whilst in CIR it is

Rcir (t, ∞) =
2κθ

γ + κ
, γ =

√
κ2 + 2σ2.

In the Vasicek model, the term structure of spot
rates is

1Therefore P(t, T; θ) = e−B(t,T;θ)r(t+A(t,T;θ))



1. monotonically increasing if r(t) < R (t, ∞);

2. humped if R (t, ∞) < r(t) < θ;

3. monotonically decreasing if r(t) > θ;

In the CIR model, the term structure of spot
rates is

1. monotonically increasing if r(t) < R (t, ∞)−
σ2

4κ2 ;

2. humped if R (t, ∞) − σ2

4κ2 < r(t) <

R (t, ∞) + σ2

2κ2 ;

3. monotonically decreasing if r(t) > R (t, ∞) +
σ2

2κ2 ;

For both models, the parameter set θ is aug-
mented by rt, that is the current value of the short
rate is treated as additional parameter. For both
models we have the restrictions κ > 0, σ > 0.
In addition, for the CIR model we also impose
r0 > 0, θ > 0. In the Vasicek model, it also makes
sense to assume θ > 0.

Non parametric fitting

In addition to the use of parametric models, the
user can also select non-parametric interpolation.
In particular, the web-app allows for

k linear interpolation of spot rates;

k piece-wise constant interpolation of forward
rates.

Linear interpolation of spot rates

Given the discount factors for maturities T1 and
T2 we are interested in the discount factor for ma-
turity T, T1 < T < T2. We compute the spot
rates R(T, T2) and R(T, T2) and then we linearly
interpolate the T-spot rate

R(t, T) =
T2 − T
T2 − T1

R(T, T1)+
T − T1

T2 − T1
R(T, T2)

and then we get the interpolated discount factor

P(t, T) = e−(T−t)R(t,T)

This procedure allows to reproduce exactly market
prices, but gives a very irregular forward curve.

Piece-wise constant interpolation of forward
rates

Given the two discount factors, let n to be the
number of days between T1 and T2. We impose
that the daily forward discount factor to be con-
stant and equal to x, so that

P(t, T2) = P(t, T1) · xn (6)

i.e.

x =

(
P(t, T1)

P(t, T2)

) 1
n

and then we interpolate the T-discount factor us-
ing

P(t, T) = P(t, T1) · xm

where m is the number of days between T1 and
T. According to this procedure, the term structure
of forward rates with daily tenor turns out to be
piecewise constant.

Form field

Two panels (see figure 1) allow the user to chose
the model and to upload market data.

Figure 1: Term-structure input form

Model Selection & Parameters

In this panel, the user can select the model and
then he is presented the corresponding parameter
set

k Nelson Siegel: β0, β1, β2 and κ.

k Svensson: β0, β1, β2, β3, κ1 and κ2.

k Vasicek: κ, θ, σ and r0.

k CIR: κ, θ, σ and r0.

The question mark near the field "Model" allows
the user to open a pop-up illustrating the main for-
mulas of the selected model.

Once the model has been selected the user must
provide the values of the parameters to be used as
starting values in the calibration procedure.



Market Data & Calibration Setting

In the "Import File" panel, the user can upload an
Excel file. The dataset contained in the file is used
to fit the chosen model term structure. The Excel
file must comply with a specific template. It’s es-
sential that the order and the labels of the columns
are as in the template file as illustrated in Figure
(2). A template file is downloadable by clicking on
"Excel Template File".

Figure 2: Term-structure input form

The two columns in the Excel file represent

k Maturity: time to maturity in years.

k Discount Factor : market zero-coupon prices
for each maturity.

In the "Dataset name" field the user can assign
a name to the computation session so he can keep
track of it in the "Previous simulations" page.

Once the model is flagged and the inputs are
imported the user can select between two opti-
mization procedures

k Levenberg-Marquardt (Non Linear Least
Squares): the Levenberg-Marquardt algorithm
is used.

k Downill simplex algorithm (Fmin): the Downill
simplex algorithm is used.

In general, the non-linear least squares performs
better so it is the suggested procedure.

In the field "Calibrate to" the user can choose
if the model calibration is done using market spot
rates, i.e. solving the minimization problem in 2,
or discount factors, i.e. solving (3).

The output

The calibration procedure leads to 3 main outputs

1. set of calibrated parameters;

2. calibrated zcb term structure and the corre-
sponding fitting error;

3. calibrated spot rate term structure and the cor-
responding fitting error.

The first output is the table of optimal parame-
ters for the selected model.

The two main results of the fitting procedure
are the model discount factor term structure (3)
and the model spot rate term structure with the
related fitting error (4).

As case study, the following example takes into
account the non linear least squares calibration to
to discount factor using the Vasicek and the Svens-
son model. The dataset is template Excel file (2)
downloadable from the webap.

Table of fitted parameters

In Tables 2 and 3 the webapp returns the fitted
parameters as well as the root mean square er-
ror for discount factors and spot rates. According
to the results of these Tables, the Svensson model
appears to provided a better fit both in terms of
prices (RMSE=0.001) and spot rates (RMSE=0.0002)
respect to the Vasicek model (zcb: RMSE=0.0026;
rates: RMSE=0.0009).

Table 2: Discount factor term structure fitting Vasicek model

Table 3: Discount factor term structure fitting Svensson model

The link "Click here to download the fitted term
structure" (appearing above the "Table of fitted pa-
rameters") allows to download the fitted model dis-
count factors and spot rates for every day starting
from the first maturity up to the last one in the
dataset.

Discount Factor Term Structure and fitting er-
rors

Figures 3 and 4 provide the following informations:
red points are the combinations maturities-market
discount factors contained in the template Excel
file; the blue line is the fitted model discount fac-
tor function. The first figure refers to fitting the
Vasicek model, whilst the second is considering
the Svensson model. Figures 5 and 6 present the

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.least_squares.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.fmin.html


fitting error across the di�erent maturities for the
Vasicek and Svensson models. In this comparison,
the Svensson model appears to be more accurate
than the Vasicek model. A summary is given in
Tables 2 and 3 where the root-mean square errors
in fitting discount factors and spot rates are given.

Spot Rates Term Structure and fitting errors

The third output is the fitted term structure of spot
rates and the corresponding fitting errors. An illus-
trative example is given in Figure 7.

Figure 3: Discount factor term structure fitting Vasicek model

Figure 4: Discount factor term structure fitting Svensson model

Figure 5: Discount Factor fitting error Vasicek model

Figure 6: Discount factor fitting error term Svensson model

Figure 7: Top Left: fitted spot term structure in the Vasicek model;
Top Right: fitted spot term structure in the Svensson model; Bot-
tom Left: fitting errors in the Vasicek model; Bottom Right: fitting
error spot term structure in the Svensson model

Chart Tools

In each chart there are interactive tools positioned
at the top right. Here are listed all of them starting
from the first one.



k Bokeh Logo: hyperlink to access the library
used to create all the interactive graph in the
web-application.

k Pan Tool: the pan tool allows the user to pan
the plot by left-dragging a mouse or dragging
a finger across the plot region.

k Box Zoom: the box zoom tool allows the user
to define a rectangular region to zoom the plot
bounds too, by left-dragging a mouse, or drag-

ging a finger across the plot area.

k Save: the save tool pops up a modal dialog
that allows the user to save a PNG image of
the plot.

k Reset: The reset tool turns o� all the selected
tools.

k Hoover Tool: the hover tool will generate a
“tabular” tooltip where each row contains a la-
bel, and its associated value.
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