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Building the Markowitz e�cient frontier

T
his web-app allows the user to build an e�cient frontier given a series of historical prices. In
particular the user uploads an Excel file containing historical stock prices. The procedure gives
back the e�cient frontier and randomly generated portfolios. The e�cient frontier is computed in

a range between the expected return of the minimum global variance portfolio and the highest expected
return considering the stock prices used as input.

Background information

The Markowitz selection model delivers the portfo-
lio with the lowest risk (measured by the variance),
for a given level of expected return. The investor
exploits the fact that the assets are not perfectly
correlated, so that he can diversify the risk across
a number of di�erent securities.

The return model

We assume that log-returns of di�erent stocks have
a jointly normal distribution

r (t, t + ∆) ∼ N (µ∆,Σ∆) .

The mean vector µ∆ is a vector with N compo-
nents. The i-th component is denoted by µi and it
represents the expected value of ri
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The covariance matrix ΣN×N is a squared and
symmetric matrix; it is positive definite<1 it is made
of N variances (in the diagonal and denoted by σ2

i )
and N × (N − 1) /2 covariances (denoted by σij
with σij = σji).
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where

σ2
i = V (ri) and σij = Cov

(
ri, rj

)
.

The portfolio selection model

The portfolio selection problem consists in choos-
ing the portfolio of weights w, w ∈ RN that solves
the following quadratic problem

min
w

w′w

subject to the following constraints

w′1 = 1 budget constraint (1)

w′µ = m return target (2)

The user can also decide if to impose the no-short
sell constraint

w ≥ 0

and if to impose or not a maximum threshold u
on the individual weights

w ≤ u

where cleary the components ui must satisfy ui ≤
1/N.

Implementing the Markowitz model

The construction of the e�cient frontier requires
the knowledge of the vector of expected returns µ
and of the covariance matrix Σ. They are never
known. Therefore, they need to be estimated from
a time-series of historical returns. Then the port-
folio problem is solved, as if the estimates were
the true parameters. Under the assumption that
log-returns are jointly normally distributed through
time, the maximum likelihood estimator of µ and
Σ are the sample average and the sample var-cov
matrix.

Let R∆ the T × N array containing past daily
log-returns

RT×N =


r1 (0, ∆) rN (0, ∆)

rj (i∆, (i + 1)∆)

r1 (T − ∆, T) rN (T − ∆, T)


1This means that x

′
Σx > 0 ∀x ∈ RN , x 6= 0
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where rj (i∆, (i + 1)∆) is the log-return of stock
j on day (i∆, (i + 1)∆) . The array R has T rows
and N columns.

Mean vector and Sample mean

The mean vector is estimated using the sample
mean vector:

µ̂
∆
=

1
T

R
′

∆
1T (3)

where 1T is the unit vector with T components
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]
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.

Covariance matrix and the sample covariance
matrix

The covariance matrix is estimated trough the sam-
ple covariance matrix. In vector notation it can be
written as
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∆

)
. (4)

where IT is the T × T identity matrix.

Form Field

In this application the user has an input form (Fig-
ure 1).

Figure 1: Input form

Input data characteristics

In the space next to the "Import File", the user
can select an Excel file from a folder of his device
and import it. The dataset contained in the file
is used to estimate the mean vector and the co-
variance matrix and then to calculate the e�cient
frontier. The Excel file must comply with a spe-
cific template. An example is given Figure 2. The
template file can be downloaded from the Portfo-
lio Construction web page, by clicking on the link
"Excel Template File". In particular, the first row
must have the ticker name of each stock. Below
each name, the Excel file contains the stock prices,
starting from the oldest up to the most recent. The
series must have the same number of observations.
The sampling frequency is decided by the user. If
prices are collected with weekly frequency, then
the e�cient frontier is built with a weekly horizon.

Figure 2: Portfolio analysis Excel template file

The template file contains an example of histor-
ical prices for di�erent assets. The name of each
asset must be reported at the head of each column.
The columns must have the same length.

In the "Dataset name" field the user adds a de-
scription to the computation in order to store the
calculations in the "Previous simulations" page.

The last input is "Number of simulated Portfo-
lios", i.e. the number of randomly generated port-
folios that are generated in the standard-deviation-
expected return plane, see Figure 3 are simulated
by using randomly generated weights assuming no
short selling. In practice, we simulate N inde-
pendent uniforms in the range [0, 1], and then we
normalize them so that their sum is equal to 1.



The output

Starting from the series of prices, the procedure
computes the log-returns, the related returns vector
and the variance-covariance matrix. The e�cient
frontier (Figure 3) and the portfolio composition
(Figure 4) graphs are produced.

E�cient frontier

The dark blue points in Figure 3 are the combi-
nation of expected return and standard deviation
of each e�cient portfolio, starting from the ex-
pected return on the portfolio at global minimum
variance2 to the one having the largest expected
return3. The light blue points represent the combi-
nations of expected return and standard deviation
of simulated portfolios. The orange points repre-
sent the expected return-standard deviation of the
individual assets.

Figure 3: E�cient Frontier

Optimal weights

In the Figure 4 we show the e�cient portfolio
composition as the expected return increases. The
weights are never greater than one (axis-Y) or neg-
ative because we do not allow for short selling.
The legend contains the names of the individual
stocks as given in the Excel file. The colours in

the legend allow the user to identify the position
of the individual stocks in the standard deviation
expected return plane.

Figure 4: E�cient weights

Chart Tools

In each chart there are interactive tools positioned
at the top right. Here are listed all of them starting
from the first one.
k Bokeh Logo: hyperlink to access the bokeh site.

Bokeh is the library used to create all interactive
graph in the web-application.

k Pan Tool: the pan tool allows the user to pan
the plot by left-dragging a mouse or dragging a
finger across the plot region.

k Box Zoom: the box zoom tool allows the user
to define a rectangular region to zoom the plot
bounds too, by left-dragging a mouse, or drag-
ging a finger across the plot area.

k Save: the save tool pops up a modal dialog that
allows the user to save a PNG image of the plot.

k Reset: The reset tool turns o� all the selected
tools.

k Hoover Tool: the hover tool will generate a “tab-
ular” tooltip where each row contains a label,
and its associated value.

2This portfolio is found by solving the Markowitz problem without the expected return constraint
3This portfolio is fully invested in the stock having the largest expected return

https://docs.bokeh.org/en/1.0.0/
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